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Photoemission and phonon spectroscopies have yielded widely varying estimates of the electron-
phonon coupling constant λ on the surfaces of topological insulators, even for a particular material
and technique. We connect the results of these experiments by determining the Dirac fermion
quasiparticle spectral function using information from measured spectra of a strongly-interacting,
low-lying optical surface phonon band. The manifest spectral features resulting from the coupling
are found to vary on energy scales < 1 meV, and are distinct from those traditionally observed
in the case of acoustic phonons in metals. We explore different means of determining λ from the
electron perspective and identify definitions that yield values consistent with phonon spectroscopy.
The new class of materials coined topological in-
sulators (TIs)[1–4] has been the subject of exten-
sive studies over the past five years and contin-
ues to be one of the most active research areas
of condensed matter physics. The main attrac-
tion in studying these materials, from both fun-
damental and technological perspectives, has been
the presence of chiral Dirac fermion quasiparti-
cles (DFQs) that define a robust metallic surface
state protected against backscattering by time-
reversal symmetry. Most of the reported stud-
ies adopted a non-interacting, single-particle ap-
proach to the DFQ system[5–7]. However, recently,
there have been several experimental and theoret-
ical reports on the interaction of the DFQs with
surface phonons. Currently, there is little consen-
sus about the magnitude of this coupling as ev-
idenced by widely varying values of the electron
phonon coupling (epc) parameter λ appearing in
the literature.
We begin by noting that we have reported exper-
imental surface phonon dispersion measurements
for the 3D TIs Bi2Se3[8] and Bi2Te3[9] using he-
lium atom-surface scattering (HASS). Our results
revealed the absence of acoustic Rayleigh modes
and the presence of strong Kohn anomalies arising
from strong coupling of DFQs to low-lying surface
optical phonon modes [9, 10], yielding λ = 0.7 and
λ = 2.0 for Bi2Se3 and Bi2Te3, respectively[11].
Three theoretical studies[12–14] considered the in-
teraction of DFQs with long-wavelength surface
acoustic modes. In all three the strength of the epc
was found to be quite small, which is actually con-
sistent with our results. As a matter of fact, they
justify the absence of acoustic Rayleigh phonons in
HASS data: It is well established that the thermal
energy helium atoms employed in HASS are scat-
tered by the surface electron density about 2-3 A˚
above the terminal layer of atomic nuclei. Thus,
detection of surface phonons by HASS involves
scattering from the phonon-induced surface elec-
tron density oscillations. The results of the three
theoretical studies confirm that surface acoustic
phonons are weakly coupled to the surface metallic
charge-density (DFQs) so that the induced density
oscillations are effectively suppressed.
In light of this it appears that the strong epc is
indeed the result of interactions with low-energy
optical phonons on the surface, with the acous-
tic modes playing little role. Indeed, we call at-
tention to the fact that the metallic DFQ surface
state in TIs is actually more akin to a 2D electron
gas in semiconductor heterojunctions and quan-
tum wells than to a 2D metal. In such systems
the dominant interaction of 2D metallic electrons
is with long-wavelength optical phonons of the host
semiconductor[15] via Fro¨lich type coupling, not
acoustic phonons. By analogy, the dominant in-
teraction of the DFQs is with the optical phonons
of the host TI. Moreover, unlike metallic surfaces,
where the typical ratio of EF to phonon energies
is ∼ 103, the Fermi energy of TIs is ∼ 100 meV
while phonon energies are ∼ 10 meV.
Other experimental estimates of the DFQ-
phonon coupling parameter λ have been provided
by angle-resolved photoemission spectroscopy
(ARPES). Early estimates for Bi2Se3 were ob-
tained by performing a linear fit to the imagi-
nary part of the DFQ self energy. The reported
values were: λ = 0.25[16] (∆E < 15 meV en-
ergy resolution) and λ = 0.08[17] (∆E ∼ 8-
12 meV). However, more recent studies employ-
ing high-resolution ARPES instruments, ∆E ∼ 1
meV, revealed more detailed texture in the DFQ
dispersion curve near the Fermi surface [18, 19].
Kondo and coworkers reported a surprisingly large
λ ∼ 3 for Bi2Se3 and Bi2Te3, which they at-
tributed to contributions from phonon as well as
spin/plasmon[20] type interactions. In contrast
Chen et al reported a significantly lower λ = 0.19
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2for Bi2Te3.
In this letter we attempt to clarify the sources
of discrepancy among the experimental results and
define a consistent approach to investigating the
DFQ-phonon interactions. To this end, we connect
results of phonon dispersion and ARPES measure-
ments by presenting DFQ spectral functions (SFs)
derived from a Matsubara Green function contain-
ing the optical phonon dispersion for Bi2Te3 to-
gether with the associated epc matrix elements[9].
We establish similarities between the DFQ disper-
sion and linewidths obtained from our calculated
SF and the recent high-resolution ARPES data
in the relevant energy range. We demonstrate,
based on these similarities, that the major con-
tribution to λ comes from the low-lying surface
optical phonon band. Furthermore, our calculated
SFs show that high instrument resolution and cryo-
genic sample temperatures are necessary to probe
the energy scales associated with the epc. We also
show that it is possible to obtain consistent values
of λ from both electron and phonon perspectives.
We start with the DFQ finite-temperature Mat-
subara Green function
G(k, τ, T ) = − 1A
∑
k1k2
q
∣∣gq∣∣2 ∫∫ β
0
dτ1 dτ2 D(q, τ1 − τ2)
×
〈
Tτ
[
c†k1+q(τ1)c
†
k2−q(τ2)ck2(τ2)ck1(τ1)ck(τ)c
†
k(0)
]〉
(1)
where A is the surface area, gq is the electron-
phonon matrix element, D(q, τ1−τ2) is the phonon
propagator, c†k, ck are the electron creation and
annihilation operators, respectively and Tτ is the
imaginary-time ordering operator. We neglect the
weak direct Coulomb interactions in the DFQ sys-
tem. This is warranted by the fact that TIs possess
large dielectric constants (κ > 50) and Fermi ve-
locities ∼ 105 m/s that yield a small effective fine-
structure constant α = e2/(κ~vF ) ≈ 0.05[14, 20].
Moreover, from a Fermi liquid perspective, the
quasiparticle nature of the DFQs close to the Fermi
energy (EF ) is well defined. Since our analysis will
focus on a region ±7 meV about EF , the direct
electron-electron interactions need not be consid-
ered.
Fourier transforming the Matsubara function
gives the DFQ self-energy
Σ(k, iωn, T ) =
1
A
∑
q
∣∣gq∣∣2 (1 + kˆ · k̂+ q)
×
[
nB(ωq) + nF (εk+q)
iωn − εk+q + ωq +
nB(ωq) + 1− nF (εk+q)
iωn − εk+q − ωq
]
(2)
where ωn is the Matsubara frequency, and ωq is
the optical phonon frequency at wavevector q. We
shall use the dispersion curve and phonon matrix
element gq obtained by fitting the data in [9] for
Bi2Te3. Analytically continuing and replacing the
sum by an integral, we obtain
Σ(k, ω, T ) =
1
(2pi)2
∫
dq
∣∣gq∣∣2 (1 + kˆ · k̂+ q)
×
[
nB(ωq) + nF (εk+q)
ω − εk+q + ωq + iδ +
nB(ωq) + 1− nF (εk+q)
ω − εk+q − ωq + iδ
]
(3)
with the imaginary part given by
Im[Σ(k, ω, T )] = − 1
4pi
∫
dq q
∫
dϕ
∣∣gq∣∣2 (1 + kˆ · k̂+ q)
×
[(
nB(ωq) + nF (εk+q)
)
δ(ω − εk+q + ωq)
+
(
nB(ωq) + 1− nF (εk+q)
)
δ(ω − εk+q − ωq)
]
(4)
We first determine Im [Σ(k, ω, T )] numerically
and then obtain Re [Σ(k, ω, T )] via the Kramers-
Kronig relations. Finally, we obtain the DFQ SF
as
A(k, ω, T ) =
1
pi
|Im [Σ(k, ω, T )]|
(ω − ~ vF (|k| − kF )−Re [Σ(k, ω, T )])2 + Im [Σ(k, ω, T )]2
(5)
where ω is measured from EF = ~vF kF and we’ve
used εk = ~ vF (|k| − kF ) for the nominal disper-
sion of the DFQs above the Dirac point. The de-
termination of A(k, ω, T ) allows direct comparison
of the quasiparticle energy dispersion and state
broadening with experimental results obtained by
ARPES measurements. Moreover, the density of
DFQ states
N (ω, T ) = 1
kF
∫
dk A(k, ω, T ) (6)
allows for comparison with experimental results
3of ARPES energy distribution curves (EDCs) and
scanning tunneling spectroscopy (STS).
Since reported high-resolution ARPES results
were performed at temperatures T ∼ 7-20 K, we
shall focus our analysis at similarly low tempera-
tures. The calculated SF for T = 0.01EF ≡ T1
is presented in the left panel of figure 1 where the
DFQ band dispersion appears as the bright curve.
The epc footprint is readily apparent as their devi-
ation from the linear dispersive behavior within ±7
meV of EF , where two kinks appear, one slightly
above and the other below EF , pointing to large
velocity renormalization. We note that the struc-
tural details of the kinks are discernible on an en-
ergy scale < 1 meV. We find that both of these en-
ergy scales are quite small compared to the ARPES
resolutions quoted in Refs. [16, 17], which could
account for the fact that no such deviation in the
dispersion nor significant temperature dependence
of Im[Σ] was observed in those experiments. The
application of higher resolution in [18, 19] brought
some of these features to light.
The second panel from the left in figure 1 shows
∆k(ω), the full-width-half-maximum (FWHM) of
the momentum distribution curves (MDCs), as the
white region. Note that ∆k(ω) increases from
0.2kF at ω = −30 meV to 0.28kF at ω = −7 meV,
where the lower kink occurs, indicating a gradual
increase in the strength of the epc. The impor-
tant observation is that ∆k(ω) abruptly shrinks,
reaching negligible values above ω = −2 meV, and
resumes a linear dispersion but with a slower veloc-
ity. The collapse in the peak width signals the ab-
sence of DFQ coupling to phonons. This termina-
tion of the coupling is consistent with the observa-
tion that the DFQs interact strongly with low-lying
optical phonon modes, whose lower band-edge oc-
curs at 3 meV, as reported in HASS data. Unlike
acoustic phonons, the interaction does not extend
to infinitesimal energies close to EF , which is why
∆k(ω) is suppressed in the region ∼ ±2 meV.
We determine λ at T1 in two distinct, albeit
equivalent ways. In the first method, we apply
the definition[21, 22]
λ = −∂Re [Σ]
∂ω
∣∣∣
ω=EF
(7)
that has traditionally been used for metallic sur-
faces. The alternative approach utilizes the rela-
tion
λ =
v0
vF
− 1 (8)
where vF is the epc renormalized Fermi velocity
and v0 is the un-renormalized value. Both defini-
tions yield λ = 2, which is consistent with results
from phonon spectroscopy.
Equation 8 evokes an analogy between the rela-
tivistic DFQs propagating on a TI surface and light
traveling in a dielectric medium, which helps illu-
minate the physical meaning of λ. First, we note
that the nominal linear dispersion of the DFQs re-
flects their massless character, invalidating the ap-
plication of the conventional idea of mass enhance-
ment as defined by m∗/m = 1+λ to TIs. Instead,
it is appropriate to interpret λ as a velocity renor-
malization factor via v0/vF = 1 +λ. We note that
this is totally consistent with, and actually more
fundamental than the previous relation, to which it
simplifies when applied to parabolic energy bands.
Thus, λ provides a measure of the renormalization
of the group velocity of the DFQs near the Fermi
energy, much like the index of refraction does for
light in a dielectric medium. Just as light slows
down when propagating through matter, the DFQs
near the Fermi energy are slowed by their interac-
tions with the phonon gas.
At this point it is appropriate to compare
our calculated SF with the recent high-resolution
ARPES data. The authors of Ref. [18] identify
coupling between DFQs and two distinct bosonic
excitations as evidenced by deviations from linear
dispersion and modifications to ∆k(ω) in the vicin-
ity of −3 meV and ∼ −15 → −20 meV. They
attribute the latter to coupling to a high-energy
phonon mode which we do not consider in our anal-
ysis, partly because such strong coupling had no
clear footprint in our HASS data. The exclusion
of this coupling in our calculations leads to some
disagreements in the region ω < −10 meV. For
example our ∆k(ω) decreases with decreasing ω
in the range −10 → −30 meV, whereas the high
resolution ARPES data exhibits an increase. How-
ever, our main focus here is on the energy range
0 ≤ ω > −7 meV, especially the feature at −3 meV
which the authors attribute to coupling to both
spin/plasmon excitations and the low-lying opti-
cal surface phonon band identified in our HASS
data. This assignment was deemed necessary by
the authors to account for the large value of λ ∼ 3
they obtained. Yet, our analysis above shows that
a dominant contribution of λ = 2 comes from the
surface optical phonon band. We speculate that
coupling to the higher energy phonon band may
be sufficient to account for the difference, with-
out the need to invoke additional contributions
from spin/plasmon interactions. The second high-
resolution ARPES study[19] estimate of λ = 0.19
is much smaller than that determined from our cal-
culations and the estimate in Ref. [18]. It appears
4FIG. 1: Calculated spectral function and momentum distribution curve FWHM ∆k(ω) for Bi2Te3 at
T = 0.01EF and T = 0.04EF . The white space in the second and fourth figures is used to indicate
∆k(ω).
TABLE I: Experimental estimates of the epc
constant. Values labeled (A),(B),(C),(D) appear
in Refs. [16],[17],[18],[19] respectively.
System λ
Resolution
(meV)
Method
Bi2Se3
0.25 (A) < 15 1
pikB
∂Im[Σ]
∂T
0.08 (B) 8− 12
Bi2Se3, Bi2Te3 3 (C) 1
v0
vF
− 1
Bi2Te3 0.19 (D) 1 −∂Re[Σ]
∂ω
∣∣∣
ω=EF
Bi2Te3
2* 1
−∂Re[Σ]
∂ω
∣∣∣
ω=EF
v0
vF
− 1
2 1 HASS
*Value obtained from current calculations
the authors overlooked the presence of the 3 meV
peak in their spectra, resulting in an underestimate
of λ when applying equation 7.
For the sake of completeness, we studied the ef-
fects of increased temperature by calculating the
SF at T = 0.04EF ≡ T2. The results are plotted
in the last two panels of figure 1. One can discern
dramatic differences between the SFs at the two
temperatures. First, the T2 SF displays enhanced
line broadening as compared with the T1 SF. More
importantly, it also exhibits a much smaller devia-
tion from the nominal linear dispersion compared
to its T1 counterpart, emphasizing the fact that
high resolution and cryogenic temperatures are re-
quired for adequate observation of the epc manifest
features in ARPES measurements. Indeed, we find
a significantly higher vF at T2, yielding a markedly
lower value of λ when applying equation 8. This
casts doubt on the applicability of a linear temper-
ature dependence of Im[Σ] to extract an estimate
of λ, since this method assumes it is constant over
the temperature range of interest.
Another noteworthy feature in our results is the
DFQ density of states (DoS) and its derivative,
which we present for T1 in the left side of figure
2. Manifestations of the epc below EF appear
as a peak-dip-hump structure at (−2)-(−3)-(−4)
meV, respectively, in agreement with [18]. Addi-
tionally, peaks in d2I/dV 2 ≡ ∂N/∂ω appear at
−2 meV and −7 meV which are consistent with
STS measurements by Madhavan’s group [23]. We
note that these features are completely absent in
the T2 data, where the increased temperature has
smoothed away the kinks in the SF and abrupt
changes in ∆k(ω). The readily apparent texture in
the T1 calculation suggests that STS is a valuable
tool for observing signatures of epc on the surfaces
of TIs.
In this letter we have established the consistency
between theoretical predictions of negligible DFQ
coupling to surface acoustic phonons and the ap-
parent absence of Rayleigh phonon modes in HASS
measurements. Using the dispersion and epc ma-
trix elements of the optical phonon band that cou-
ples strongly to DFQs, we calculated the corre-
sponding SF in the vicinity of the Fermi energy on
the surface of Bi2Te3. We identified the manifest
features of the epc in the SF, thereby complet-
ing the translation from the phonon to the elec-
tron perspective. Our results indicate that the SF
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FIG. 2: The density of states and its derivative
obtained from the calculated spectral function at
T = 0.01EF (left) and T = 0.04EF (right).
undergoes significant renormalization beginning at
−7 meV where the dispersion develops a kink be-
fore continuing linearly upward, for ω > −2 meV,
with diminished group velocity. Additionally, the
MDC linewidth ∆k(ω) undergoes growth in the re-
gion −7→ −3 meV indicating increased coupling,
but collapses suddenly at approximately −2 meV
due to the lower energy cutoff of the interacting op-
tical phonon band. We calculate a value λ = 2 con-
sistent with HASS measurements but acknowledge
that additional coupling to higher energy phonon
bands could increase this value. It is our hope that
the considerations presented here have unveiled the
consistency in what initially appeared to be dis-
parate theoretical and experimental results.
We would like to thank Claudio Chamon for very
useful discussions regarding this manuscript. We
also extend our thanks to Vidya Madhavan for pro-
viding valuable insight into the nature of STS spec-
tra on the surfaces of TIs.
[1] L. Fu, C. L. Kane, and E. J. Mele, Phys. Rev.
Lett., 98, 106803 (2007).
[2] M. Z. Hasan and C. L. Kane, Rev. Mod. Phys.,
82, 3045 (2010).
[3] M. Z. Hasan and J. E. Moore, Annual Review of
Condensed Matter Physics, 2, 55 (2011).
[4] X.-L. Qi and S.-C. Zhang, Rev. Mod. Phys., 83,
1057 (2011).
[5] H. Zhang, C.-X. Liu, X.-L. Qi, X. Dai, Z. Fang,
and S.-C. Zhang, Nat. Phys., 5, 438 (2009).
[6] W. Zhang, R. Yu, H.-J. Zhang, X. Dai, and
Z. Fang, New J. Phys., 12, 065013 (2010).
[7] O. V. Yazyev, J. E. Moore, and S. G. Louie, Phys.
Rev. Lett., 105, 266806 (2010).
[8] X. Zhu, L. Santos, R. Sankar, S. Chikara, C. .
Howard, F. C. Chou, C. Chamon, and M. El-
Batanouny, Phys. Rev. Lett., 107, 186102 (2011).
[9] C. Howard, M. El-Batanouny, R. Sankar, and
F. C. Chou, Phys. Rev. B, 88, 035402 (2013).
[10] X. Zhu, L. Santos, C. Howard, R. Sankar, F. C.
Chou, C. Chamon, and M. El-Batanouny, Phys.
Rev. Lett., 108, 185501 (2012).
[11] The values quoted here are averages over the en-
tire 2D surface Brillouin zone, making them larger
than the simple average of λ(q) along a particular
high-symmetry direction.
[12] P. Thalmeier, Phys. Rev. B, 83, 125314 (2011).
[13] S. Giraud and R. Egger, Phys. Rev. B, 83, 245322
(2011).
[14] S. Das Sarma and Q. Li, Phys. Rev. B, 88, 081404
(2013).
[15] R. Jalabert and S. Das Sarma, Phys. Rev. B, 40,
9723 (1989).
[16] R. C. Hatch, M. Bianchi, D. Guan, S. Bao, J. Mi,
B. B. Iversen, L. Nilsson, L. Hornekær, and
P. Hofmann, Phys. Rev. B, 83, 241303 (2011).
[17] Z.-H. Pan, A. V. Fedorov, D. Gardner, Y. S. Lee,
S. Chu, and T. Valla, Phys. Rev. Lett., 108,
187001 (2012).
[18] T. Kondo, Y. Nakashima, Y. Ota, Y. Ishida,
W. Malaeb, K. Okazaki, S. Shin, M. Kriener,
S. Sasaki, K. Segawa, and Y. Ando, Phys. Rev.
Lett., 110, 217601 (2013).
[19] C. Chen, Z. Xie, Y. Feng, H. Yi, A. Liang, S. He,
D. Mou, J. He, Y. Peng, X. Liu, Y. Liu, L. Zhao,
G. Liu, X. Dong, J. Zhang, L. Yu, X. Wang,
Q. Peng, Z. Wang, S. Zhang, F. Yang, C. Chen,
Z. Xu, and X. J. Zhou, Scientific Reports, 3, 02411
(2013).
[20] S. Raghu, S. B. Chung, X.-L. Qi, and S.-C. Zhang,
Phys. Rev. Lett., 104, 116401 (2010).
[21] G. Grimvall, The electron-phonon interaction
in metals (North-Holland Publishing Company,
1981).
[22] P. Hofmann, I. Y. Sklyadneva, E. D. L. Rienks,
and E. V. Chulkov, New Journal of Physics, 11,
125005 (2009).
[23] Private communication.
